Abstract. The aim of the present article is to construct quadratically integrable three dimensional systems in non-vanishing magnetic fields which possess so-called non-subgroup type integrals. The presence of such integrals means that the system possesses a pair of integrals of motion in involution which are (at most) quadratic in momenta and whose leading order terms, that are necessarily elements of the enveloping algebra of the Euclidean algebra, are not quadratic Casimir operators of a chain of its subalgebras. By imposing in addition that one of the integrals has the leading order term L 2 z we can consider three such commuting pairs: circular parabolic, oblate spheroidal and prolate spheroidal. We find all possible integrable systems possessing such structure of commuting integrals and describe their Hamiltonians and their integrals.
Introduction
In this paper we consider integrability and superintegrability of three dimensional (3D) mechanical systems in a magnetic field. We focus on systems related to three types of coordinates: circular parabolic, oblate spheroidal and prolate spheroidal.
The study of superintegrable systems, i.e. integrable systems possessing additional integrals of motion, in three spatial dimensions dates back to the pioneering work of Makarov, Smorodinsky, Valiev and Winternitz [1] . They found all systems without magnetic field that allow a pair of commuting integrals of motion which are (at most) second order in the momenta, established that they exactly coincide with 11 classes of systems known to be separable in some orthogonal coordinate system [2, 3] and studied some superintegrable subclasses. The research on second order superintegrability in 3D was completed by Evans [4] , and Kalnins and Miller et al [5, 6] . Higher order integrals were also subsequently considered, see e.g. [7] [8] [9] [10] and others.
A natural extension of these results is to consider a similar problem, i.e. quadratic integrability and superintegrability, in the presence of the magnetic field. These questions were first adressed in two dimensions, starting with the paper [11] and followed up by many others, e.g. [12] [13] [14] [15] . The question of superintegrability for the 3D problem was first considered in the particular case of magnetic monopole in [16, 17] . A systematic approach to the 3D problem was initiated in [18] , followed up by a series of papers [19] [20] [21] . Related problems of superintegrability in relativistic mechanics were also recently considered, with [22] [23] [24] and without [25] magnetic fields.
We should also recall that a related (but in the case of non-vanishing magnetic field in general non-equivalent) problem is the construction of systems whose HamiltonJacobi equation separates in some orthogonal coordinate system. This question was addressed by Shapovalov and Meshkov in the quantum case [26] and by Benenti, Chanu and Rastelli in the classical case [27] .
In order to study superintegrability one needs to first know the integrable systems. As was found first by Zhalij in [28] for Cartesian type integrals, the solution to this problem is significantly more demanding in the presence of magnetic fields and may lead to significantly increased number of non-equivalent cases. That study of integrable systems with Cartesian type integrals, i.e. integrals which would correspond to separation in Cartesian coordinates in the absence of the magnetic field, was followed by the spherical type [20] and also cylindrical type (work in progress). All these classes share one important property: the leading order terms of their commuting quadratic integrals of motion are second-order Casimir operators of subgroups in some subgroup chain
where G is the Euclidean group and G M is its maximal Abelian subgroup. The corresponding orthogonal coordinate systems (i.e. Cartesian, spherical, cylindrical) are called subgroup type coordinates [29, 30] . It was observed even in two spatial dimensions without magnetic field that systems separating in subgroup type and non-subgroup type coordinates have different properties, e.g. the existence of the so-called exotic potentials is restricted to subgroup-type systems [31] [32] [33] [34] [35] .
Thus we consider it appropriate to investigate the question of integrability and superintegrability for at least some classes of non-subgroup type integrals. A natural selection of classes from the point of view of potential physical interest is to study the non-subgroup type coordinates such that one of the integrals has leading order term of the form L 2 z , i.e. some kind of rotational invariance is present in the system. There are three classes of such coordinate systems, each in turn corresponding to one structure of the leading order terms in the integrals:
• circular parabolic, with the integrals of the form L x p y − L y p x + . . . and L The paper is organized as follows. In section 2, we present the notation used throughout the article and recall some basic facts about (super)integrability and magnetic fields. In section 3, we investigate circular parabolic-type integrability for classical 3D Hamiltonian systems admitting non-zero magnetic fields. The determining equations are provided and solved for such a system in the circular parabolic coordinates under the assumption that the leading order terms of the integrals of motion correspond to separation of the Hamilton-Jacobi equations in the circular parabolic coordinate system when the magnetic field is absent. In section 4, we present as a result the non-zero magnetic field, the Hamiltonian system and its integrals of motion for which the leading order terms correspond to separation of variables of the Hamilton-Jacobi equations in the oblate spheroidal coordinates. Similarly, in section 5, we present analogue results but for the prolate spheroidal coordinates. In section 6, we look in a systematic way for all additional first order integrals for the circular parabolic case in order to get superintegrable cases. In section 7, we investigate the possibility of an additional integral of motion with a leading order term (L A ) 2 , where a new component in the magnetic field appears. Some conclusions and future perspectives are discussed in section 8.
Essentials and notation about 3D (super)integrability with magnetic fields
We are considering classical 3D Hamiltonian systems that admit a static electromagnetic field, i.e.
where p is the momentum, A( x) is the vector potential depending on the position x and W ( x) is the scalar potential. The mass is set to 1 and the electric charge is assumed to be −1 in our units (implicitly expecting the considered particle to be an electron). The vector potential A( x) can be seen as a 1-form, e.g.
in the Cartesian coordinates. The magnetic field B( x) can be computed from the vector potential (2.3) by taking its exterior derivative, i.e.
The vector potential is defined up to a gauge transformation A = A + ∇F . Since we shall be interested in a static situation, i.e. A and W are time independent, we also assume that the gauge transformation is time independent, and consequently W = W . We will be focusing on integrable Hamiltonian systems for which at least one of the components of the magnetic field B x , B y or B z is not zero. For a 3D classical Hamiltonian system to be integrable in the sense of Liouville, it must possess two integrals of motion X 1 and X 2 , which Poisson-bracket commute with the Hamiltonian H, i.e.
where
We also require that the integrals of motion X 1 and X 2 are in involution, that is {X 1 , X 2 } = 0. In addition, the integrals of motion X i together with the Hamiltonian H must be functionally independent, i.e. the matrix
is of maximal rank (in the 3D case, of rank 3). For a classical Hamiltonian system to be superintegrable, it must possess at least one additional functionally independent integral of motion. A 3D Hamiltonian system admitting a fourth integral of motion is called minimally superintegrable. If a 3D Hamiltonian system admits 5 integrals of motion, then such system is called maximally superintegrable.
It is known that the leading terms of an integral of motion, which is polynomial in momenta, take values in the enveloping algebra of the Euclidean algebra e(3), i.e. a combination of the momentum components p i and of the angular momentum components L i = ijk x j p k . Hence, a quadratic integral of motion takes the form
8) The form (2.8) (including the vector potential components with the momenta) is convenient because the functions s j ( x) and m( x) together with the constants α ij are gauge invariant. We recall that the Hamiltonian (2.2) and integrals (2.7) themselves are only gauge covariant. For a more detailed discussion, see e.g. [21] , p. 2-3 and references there.
Circular parabolic type integrability with magnetic fields
In this section, we consider integrable Hamiltonian systems that admit two quadratic integrals of motion of the form
These integrals of motion correspond to the case where α 24 = −α 15 = 1 in X 1 , α 66 = 1 in X 2 and all other α ij are set to zero in the equation (2.7). Integrals of motion with such a structure imply the separation of variables in the Hamilton-Jacobi equation in the rotational parabolic coordinates when the magnetic field vanishes [1, 2] . The circular parabolic coordinates are given by the transformation
where ξ ∈ (0, ∞), η ∈ (0, ∞) and φ ∈ (−π, π]. (When ξ = 0 or η = 0, it corresponds to points on the z-axis where the rational parabolic coordinates fail to be single-valued.) The flat Cartesian metric g ij = δ ij in the new coordinates (3.3) reads
The pull-back of a 1-form, e.g.
is given by the relations
The transformation of the momentum p satisfies the same equations as for a 1-form, c.f. equations (3.6) .
In order to obtain the conditions for integrability and to solve the resulting partial differential equations for the integrals of the form (3.1) and (3.2) , it is convenient to consider these equations in the circular parabolic coordinates. From (3.4), we find that the Hamiltonian takes the form
and the two integrals of motion become The conditions for integrability can be obtained by equating to zero the different coefficients of the polynomials in p ξ , p η and p φ of {X i , H} = 0 = {X 1 , X 2 }. We are left with the second order equations
ξs
ηs
(modulo equations (3.11)-(3.12)) (3.13)
, and the lower order coefficients that we will consider further. It is straightforward to
From the coefficient 1 of equation (3.17) , one can see that either the potential W does not depend on φ or that f (η 2 ) = λη 2 and g(ξ 2 ) = −λξ 2 . However, the last case leads to a vanishing magnetic field, which has already been studied in [1] . Hence, we will only consider the case where ∂ φ W = 0. By solving every equation which does not involve c 1 , we obtain that 20) where α(η 2 ) and β(ξ 2 ) are arbitrary functions of η 2 and ξ 2 respectively. We are still left with two equations, i.e.
and
Thus, we either have that c 1 = 0 and the integrals are, up to a shift by a constant and the transformation (3.29) below, fully fixed by the magnetic field (3.15) and the potential (3.20) or that f , g and W satisfy equations (3.21) and (3.22) for any value of c 1 . In that case we have an additional first order integral, i.e. we are in an superintegrable subcase that we will discuss in the section 6. As a result, we get that all integrable Hamiltonian systems that admit the pair of integrals of motion (3.1) and (3.2) can be described by the following Hamiltonian,
where 4 arbitrary functions α(η 2 ), β(ξ 2 ), f (η 2 ) and g(ξ 2 ) appear. The associated magnetic field involves two arbitrary functions f (η 2 ) and g(ξ 2 ), i.e.
The vector potential can be chosen as 25) up to a gauge transformation. It is interesting to observe that the magnetic field is not at all constrained by the first and zeroth order determining equations. In all the previously investigated, subgroup type, cases, the magnetic field was always somehow constrained by the lower order determining equations, which is not the case here. As we will see later, all three non-subgroup types considered here possess this feature. We don't know yet whether it is a property of non-subgroup type classes in general or that it is a consequence of the fact that for these three classes one quadratic integral of motion always reduces to a first order integral.
The two integrals of motion (3.1) and (3.2) take the explicit forms
(3.27)
That means that X 2 is equivalent to a first order integral of motion, i.e.
which is equal to L z with the choice of the vector potential (3.25). The consistency of our solution requires that X 1 possesses a freedom of addingX 2 to it without changing the magnetic field or the potential. That can be indeed accomplished by an alternative choicef
of our arbitrary functions, which leaves B and W the same.
Oblate spheroidal type integrability with magnetic fields
These integrals of motion correspond to the case where α 11 = α 22 = a 2 together with α 44 = α 55 = α 66 = 1 in X 1 , α 66 = 1 in X 2 and all other α ij are set to zero in the equation (2.7). Integrals of motion with such a structure imply the separation of variables in the oblate spheroidal coordinates in the Hamilton-Jacobi equation when the magnetic field vanishes [1, 2] . The oblate spheroidal coordinates are given by the transformation
where ξ ∈ (0, ∞), η ∈ (0, π), φ ∈ (−π, π] and the parameter a > 0. (When ξ = 0 or η = 0, π, the coordinates are multiple-valued -again this corresponds to points along the z-axis.) The metric in the oblate spheroidal coordinates takes the form
and the pull-back of a 1-form, e.g. of the vector potential 1-form,
The determining equations can be solved in a very similar way as in the circular parabolic case. The second order determining equations prescribe the structure of the magnetic field and of the terms linear in momenta in (4.1) and (4.2). We also find that if the scalar potential depends on φ then the magnetic field vanishes. There is again a constant that appears in the solution of the second order equations, which is associated with an additional first order integral of motion, i.e. a superintegrable subcase, that is equivalent to the case (6.a) arising in the circular parabolic case, see below.
As a result, in the oblate spheroidal coordinates, the Hamiltonian is
where 4 arbitrary functions α(η), β(ξ), f (η) and g(ξ) appear, and the vector potential can be chosen as 8) up to a gauge transformation. The associated magnetic field involves two arbitrary functions f (η) and g(ξ), i.e.
Again, it is interesting to note that the magnetic field is not at all constrained by the first and zeroth order constraints, like in the circular parabolic case. The two integrals of motion (3.1) and (3.2) take the explicit forms
, (4.10)
where X 2 is equivalent to a first order integral of motioñ 12) which in our choice of gauge reduces to L z . The superintegrable subcase (6.a) is obtained when
When it is expressed in Cartesian coordinates, we find that it is identical to the case (6.a), treated in section 6 below.
Prolate spheroidal type integrability with magnetic fields
Next, we consider integrable Hamiltonian systems that admit two quadratic integrals of motion of the form
These integrals of motion correspond to the case where α 11 = α 22 = −a 2 together with α 44 = α 55 = α 66 = 1 in X 1 , α 66 = 1 in X 2 and all other α ij are set to zero in the equation (2.7), i.e. they differ from the oblate spheroidal type by the sign of the a 2 term. Integrals of motion with such a structure imply the separation of variables in the prolate spheroidal coordinates of the Hamilton-Jacobi equations when the magnetic field vanishes [1] . The prolate spheroidal coordinates are given by the transformation
where ξ ∈ (0, ∞), η ∈ (0, π), φ ∈ (−π, π] and the parameter a > 0. (When ξ = 0 or η = 0, π, the coordinates are multiple-valued, again along the z-axis.) They differ from the oblate spheroidal coordinates by the interchange of sinh(ξ) and cosh(ξ). The new metric takes the form
and the pull-back of a 1-form, e.g. for
6)
The determining equations can be solved in a very similar way as in the circular parabolic case (and the oblate spheroidal case). The second order determining equations prescribe the structure of the magnetic field and of the terms linear in momenta in (5.1) and (5.2). We find again that if the scalar potential depends on φ then the magnetic field vanishes. There is also a constant that appears in the solution of the second order equations, which is associated with an additional first order integral of motion, i.e. a superintegrable subcase, that is equivalent to the case (6.a) arising in both previous cases.
As a result, in the prolate spheroidal coordinates, the Hamiltonian is
Again, it is interesting to note that the magnetic field is not at all constrained by the first and zero order constraints, as in the two previous cases. The two integrals of motion (3.1) and (3.2) take the explicit forms
10)
where X 2 is equivalent to a first order integral of motion, i.e.
which reduces to L z in our gauge choice (5.8).
The superintegrable subcase is obtained when
When it is expressed in Cartesian coordinates, we find that it is identical to the case (6.a).
First-order additional integrals of motion for superintegrability
In this section, for the circular parabolic case, we are looking in a systematic way for additional integrals of motion which are of first order in momenta, i.e.
We have excluded the dependency in L A z since the new integral of motion Y can be modified by an addition ofX 2 without any loss of generality. In the circular parabolic coordinates, the first order coefficients of (6.1) can be written as
.
The Poisson bracket of Y with the Hamiltonian involves only terms linear and constant in momenta. The first order determining equations can be solved with respect to the derivatives ∂ ξ m 3 , ∂ η m 3 and ∂ φ m 3 of the function m 3 and do not depend on m 3 itself. These, in turn, imply compatibility conditions, e.g.
which involve only the constants k 1 , ..., k 5 and the functions f , g, α and β. Solving these equations, we arrive (under the assumption that the magnetic field doesn't vanish) at only three possibilities, namely (6.a) k 3 = 0 and
In the cases (6.b) and (6.c), there are no constraints on k 2 and k 5 , respectively. Hence, we obtain in both cases a fifth independent integral of motion.
This case is equivalent to the case where c 1 = 0, in (3.21) and (3.22) appearing as a subcase in the integrable case, where 4k 3 = c 1 . The remaining constraints on f (η 2 ), g(ξ 2 ), α(η 2 ) and β(ξ 2 ) can be solved and reduced (by adding suitable constant terms to H, X 1 andX 2 ) to
Hence, the magnetic field takes the form
with a convenient choice of the vector potential as
The associated Hamiltonian is
and the integrals of motion are given by
Pulling back these results into the Cartesian coordinates, we find a constant magnetic field in the direction of the z-axis, i.e. 9) and the integrals of motion read
Such a system appears in [20] , see class III therein, and is characterized by free motion along the z-axis together with a constant magnetic field oriented along the z-axis. Also in [20] (p.16), all the integrals of this system that are at most quadratic in momenta were found. In addition to the integrals (6.10), there is another functionally dependent quadratic integral with the leading order term (L A ) 2 . This makes immediately obvious that this system belongs to the intersection of all three classes of integrable systems considered here.
For this case, the remaining constraints on f (η 2 ), g(ξ 2 ), α(η 2 ) and β(ξ 2 ) can be solved and reduced by constant shifts of H, X 1 and X 2 and a translation in z to
The magnetic field and its vector potential are identical to the preceding case, i.e.
However, the Hamiltonian and the integrals of motion are different, i.e.
13)
thus we get a maximally superintegrable Hamiltonian system. In the Cartesian coordinates, it reads
14)
Such a system appears in [19] , p. 17 and is characterized by a constant magnetic field along the z-axis, but is not equivalent to the previous case (6.a) due to z-dependence of the scalar potential W . In addition, this system can also be interpreted as the center of mass component of the Hamiltonian of the two-electron quantum dots for certain special values of the magnetic field and of the confinement frequencies, see e.g. [36, 37] .
By solving the remaining equations, we find after getting rid of irrelevant constants that
Hence, the magnetic field and the vector potential become
and the Hamiltonian takes the form 17) admitting four integrals of motion
18)
This system, in the Cartesian coordinates, is described by
This maximally superintegrable system appears in [18, 19] and is characterized by the magnetic field of the magnetic monopole of the strength b m together with the Coulomb potential.
A similar investigation for prolate and oblate spheroidal cases has so far encountered computational difficulties and we postpone it until a more efficient approach is developed.
Additional integral with a leading order term L 2
The results of the previous section lead us to consider also an additional quadratic integral of motion. Even in the circular parabolic case, such an investigation in full generality seems to be too computationally challenging, thus we focus on a particular ansatz motivated by physical considerations, namely we look for a third integral of motion with the leading order term L 2 , i.e.
That means that our system should possess integrals which at the leading order appear like the magnitude of the angular momentum, its third component and the third component of (Laplace)-Runge-Lenz vector. In the circular parabolic coordinates, Y 3 takes the form
Considering the first and zeroth order determining equations, it is convenient to first solve the dependency of m 3 on φ in the first order coefficient of p φ , to have only explicit functions of φ. Hence, after substituting the solution in the remaining equations, we can set all the coefficients of each functionally independent function of φ to zero. Among the possible solutions, there is one interesting case which we will be exploring, i.e. the case where k 1 = k 2 = k 3 = k 4 = k 5 = 0. After gauging out some arbitrary constants, we get that the magnetic field is left unchanged, i.e. like in equations (7.4) and the vector potential can be chosen as
The Hamiltonian becomes 6) where the u i are arbitrary constants appearing in the scalar potential but not in the magnetic field. This Hamiltonian admits the integrals of motion
In the Cartesian coordinates, we find
8)
and 
The integrals of motion become
This (minimally) superintegrable system wasn't encountered in the context of superintegrability yet and admits a new form of magnetic field coming from the coefficient b n . This superintegrable system can be alternatively obtained from the spherical case by looking for an additional (Laplace)-Runge-Lenz type integral of motion. The same constraints come up since both the L 2 -type and (Laplace)-Runge-Lenz-type integrals of motion Poisson-bracket commute with the L 2 z -type integral of motion, i.e.
Hence, the same constrains are imposed a posteriori.
Hence, the algebra of the known integrals of motion closes polynomially and doesn't contain any additional independent integral. By looking for numerical approximations of the trajectories of such a system, we notice that all bounded trajectories seem to be closed for randomly chosen values of the magnetic field and potential, as one can see in figures 2 to 4. This property suggests that the system may be maximally superintegrable, i.e. this Hamiltonian system may possess an additional integral of motion that we didn't find yet. (Time evolution of the trajectories in the figures 2 to 4 is indicated by the change of colour, i.e. red implies t = 0 and it gets blue as time is moving forward. The small green circle indicates the position of the (apparent) closing of the trajectory.)
For a hypothetical fifth independent quadratic integral of the form (2.7), we considered the compatibility conditions for functions s j , which are second order partial differential equations involving the magnetic field and the constants α jk . After the elimination of the known integrals, these imply vanishing of all remaining α jk (or of the constant b n ), i.e. no independent second order integral exists for b n non-vanishing. However, this observation does not exclude existence of an integral of higher order, or even a non-polynomial one. We presently don't know how to find it if it exists. 
Conclusions
We have investigated all 3D systems with magnetic field whose structure of quadratic integrals of motion corresponds to three non-subgroup type coordinate systems distinguished by their rotational invariance around one coordinate axis. We have found that the results are significantly different from the subgroup type, namely Cartesian, spherical and cylindrical, cases.
Namely,
• for all systems with subgroup type integrals, there exist integrable systems which possess two truly second order integrals of motion, see [28] for the Cartesian type, [20] for the spherical type and a simple extension of 2D systems of [13] into the z-direction by adding 1 2 p 2 z +V (z) to the potential for the cylindrical type (or work in progress on cylindrical type integrals), respectively. However, in all non-subgroup type integrable systems considered in this paper, the assumption of existence of two commuting integrals of the given form implies the existence of a first order integral X 2 which in the chosen gauge reduces to the angular momentum component
and implies rotational invariance of the constructed systems.
• We notice that the explicit form of the integrable systems constructed under the assumption of the existence of the commuting quadratic integrals of the given form exactly matches the systems constructed by Benenti, Chanu and Rastelli in [27] . Thus, the necessary existence of the first order integral L z implies separability of the Hamilton-Jacobi equation and we recover for these non-subgroup type integrals the equivalence of quadratic integrability and separability, familiar from the consideration of the systems without magnetic field.
• We have seen that the structure of the magnetic field and the first order coefficients s j a is fully determined by the highest order determining equations and is not in any way affected by the lower order conditions -these in turn determine the possible structure of the scalar potential and the lowest order terms in the integrals. This is not the case for any of the subgroup type systems where lower order conditions through their compatibility always further constrain the magnetic field.
Concerning superintegrability, out of numerous possible directions we have so far systematically analyzed only two, both for the circular parabolic case: the first order superintegrability, for which no new system exists, and the second order superintegrability with L 2 -type integral. In this case, an interesting new system was found and some of its properties discussed, like apparent presence of closed bounded trajectories. It remains an open problem to establish or exclude its hypothetical higher order maximal superintegrability and its potential physical interest, e.g. in plasma physics where its superintegrability and thus expected certain resilience with respect to perturbations may be of importance.
Our paper invokes many open questions and directions for further research. First of all, it would be of importance to establish or disprove the equivalence of quadratic integrability and separability of Hamilton-Jacobi equations also for other non-subgroup type pairs of commuting integrals, i.e. the ones which do not possess L 2 ztype integral. However, we expect serious computational difficulties in this direction, in particular in ellipsoidal and paraboloidal cases, and we are not yet sure that for these cases a similar investigation is feasible.
Secondly, some more efficient techniques need to be developed to deal with quadratic superintegrability in full generality, not just using a particular ansatz like in section 7. Without some new ideas a full classification of all possible second order integrals for the given class of integrable systems with magnetic fields seems to be presently out of reach.
Thirdly, superintegrability in the oblate and prolate spheroidal cases should be investigated, both the first and second order one. Even at the first order level this appears to be computationally significantly more challenging compared to the circular parabolic case.
Fourthly, in most potential physical applications relativistic velocities may be reached, thus a relativistic version of the system of section 7 should be also investigated, like it was done in [24] for some other superintegrable systems.
Last but not least, our analysis in this paper was purely classical, the quantum version of the problem was not considered at all. The quantum corrections are currently under investigation and we postpone them to later work.
